
USE OF A C_)RDINATE ._TL_FO_-_TION IN THE IN_NTAL PE'_SE PLA_E*
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A _rdinate t_nsfom_atior_ in the incremental phase plane is Lutm_-

duced which facilitates the design of nonl!ne%r sampled_._a_a control syst¢_

Use of these coordinates rm_'dts the _lope of a boundary specified by the

nonlinearit Z to be directly related to a simple gain term in the tr_nsfo_,m_d
system° A realizable form of compensation is shown to evolve in terms of the

system variable_o By using the transformed coordinates _.t is possible %x)
identify within each sectionai ly linear region of the phase plans & th_ique

equation for the isoc_ines_ Fommples are presented to illustrate the method_

These ir:%_Ive contactor, se:Suration and quantization t_rpe nonlinearities°

Smmp!ed-data feedback sTst_s containing a simple rmn_dn_rity have

been the ._mbJect of a number of investigations° t[ethods of anal2sls have

been employed using both the describing i_nctlon and the phase pline_

This paper is concerned with the further development of phase_plane tech-

niques o

In the literature, both c_ntinuou_ _nd discrete variables have been

used as p_m.se-plane coordi_mteso In order to facilitate the analysis of a

ccntactor system, Izawa and _._eaver|rove replaced the s_plln_, action By a

random t_ansport lago I This metho4 of _nalysls ie l_._dted to cc,nta_tor-

type nonllnearlties. .'[ulllaand Jury have adapted the phase-plane tech-

niques applicable to c_nt.inum_s systeus to sampled-data systeuso 2 However,

the comDutatio_al difficulties resulting from the need to Identif_ time
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with the trajectories imposes a detraction to the _ethodo Aseltine and

ilesbit have suggested the incremental phase plane as a natural medlum f_r

studying the behavior of ner_inear sampled-data systems. 3 This paper

is concerned with the more effect!v_ utilization of the incremental phase

plane as a design vehicle.

_'_henthe nonlinearity in Figure 1 is sectionally llnear w it is

possible to define boundaries in the phase plane within w%deh the control

system behaves linearly° Compensation schemes may then be employed w)_ch

produce a desired rotation or translation of these boundaries° However,

in app_dx_ this technlcue to sampled-data syste,nsp certain c<_mpllc_tions

arise when the solution path c_osses such a boundary_ The origin of this

difficulty is related to the presence of the finite zero in the _se

transfer fv_nctlon of the quadratic plant° It will be sho_,m that this

difflc_ulty can be overcome by introducing a new set of coordinates in

terms of which the sol_tlon path encounters no complication in traversID 4

a bo_da_Io As a result, the problems of analysis and design can be

si_nlficantly simplified°

L_ the development to fel/_w_ the concept of isocllnes as applied

to the incremental phase pL%ne will be di_;cussed briefly since th_s

constitutes the computational %ool to be employed throuzhout the paper°

The new phase-plane coordinates will then be introdueeda and attention will

be dlr_cted %o the mapplng of boundaries and _zsten variables of interest

into this coordinate Systemv The form of compensation derived in the new

coordinate system will be shown to be physically realizable when related

%o system variables. Finally 9 several axamplee _.rillbe discussed for the

purpose of il/ustrating the technique advanced in the _per and pTovidlng
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some insJ_ht to the type of behavior which results from the presence of

various for_ of simple nonlinearities in sampled-data systems° These

shall include the contaatorp saturation and _uantizatiOno

The ooordinntes of the incremental phase plane (henceforth to be called

the phase plane) will be defined in ter_s of the vuriable X and its first

f_o_ difference, ,_X = X (r_-,'_- X(r_ , _r_eti-nes to be denoted

by y--_X. The solution is now sought to the second-order linear difference

equation

where m i. ass_m_ed constant. This solution can be represented by the

locus of a set of points. Althou_h the concept of a oontinuous tr_Jeetoz7

has no meani_ in the incremental phase plane, it le convenient to Join

smecessive solution p_ints by straight-line seFjuents as lndiaated in

Figure 2o These connected lane sediments will be called a solution p_th

(',).

An iso¢line san now be defined in the ×, y plane in toz_s of the

elope of these line se_nts. For each solution point _ which tm
s

nonslngula_ there Is a slope Ay/ax associated wlth the line se_nent

eonneeti_ _: with the succeeding solution point p;,, . The locus of

points which _t_iates _[ne see_e_te of constant elope ;_ defined as a_

iso¢line, Thus with k, A_/_x . the isoclinei are found from (I) to

be_iven by the equation

7 Y
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a= the p.haso-pl_,_ cooDi!._,tes. :,_Ith v : o ; the 8_f._,_,:_nc:e e_;la: ";__,

fo_ thu p].;mt man be w_ten in tha fo_

"_ the _ank_e_a_ty i_ _s,_um_ed !o be " " "_"_ '_

_hala the for¢ir_ fXmc'_i.on _n (3- _i_ _ot in ,-,:_ner_.l fi_ th_ ?o_ .._r

("..._, Tn _t%l_t__at_ e.3,'-.*h t,i-,_e the sol,at].on a'}aLh ¢ros3ea _ bc*.,_v._<a.._y ¢.__,. 5

o_. the aer_ _ the p].arrt tr-_t_fer f,met]on wo::-_ aPl.re_......aren_da" ,.oht_

p,-obT.em_ ?_'! _m_ch _.'_ the e,_._ra., l_epresented _--,....(7.) _nd _2} ,_c,_].d apF, IF

_.hx%_,_,}_O_% the ,_:._g_.or: <_f _he p,_-_se plane. &_ _ r_e_ .......... -.......... v,



obJeetive conside_ the system in Figure 3o For the present let _ • ! .

Ln so fa_ as _ is concel-ned it will be seen that this system is ecuivalent

to the syste_ in Fibre 1 when the compensation has been deleted (The

initial condition c (o) will be discussed in detail subsequ_nt_). For

this special ease (K¢ = ,_ p it is noted that e. _. In particular, the

variable x has been defined so that the parallel £eedbaQk path generates

a forward first differencep _x o If the phase-plane eoor_Linates are

now taken to be x, 4 x, then the following equation pertains:

In Figure _# the above evuation is plated for values of e _ _, constant°

Suppose for _poses of elarlfieation that the nonlinearity is an ideal

eontactor without deadzoneo Then the line _ = 0 _,r_Id constitute a

s_Itchin_, boundar7 whose elope is determined by the gain term '/(_ _ .

Sines the slope of the lines _ •constant is eontrvlled by the

_ain of the inner feedback path_ a rotation of these lines oan be acc_u-

plashed by int_odueir_ a gain l_ as su_,ested in Fi,_u_e 3, It is

observed, hewever_ that with K_ _. t , e and _ a_e no lon_er equivalent°

Ln fast the following results obtain:

U_ = X

._ &',(
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Fro._ (5) it ia s,_,enthat lines of constant e b_r a fixed _"-*_n_s _:_

_o the ×, Y plsc_e x_heraas the slope of the [x:,undarle_defined by

corstant _ are dependent upon K_ o

If values of Kc other than unity are to be spec_.fled it is n_ce_

to determine the c_npensation in Figure _ which aatlstlel

an _u_bitrary cho!ce of _<_ o It is res0_i_y shown that- the compensation in

Figure 5 meets t_uis r_uirmncnt° It shottld be noted that this eo_._en_at_on

in the feedback ,_th is ph_rslcall.vrea/izable_- In the event that _'e

co_ pensation is _,o be realized by a di_ital filter, the customary rest_-i,;._

ticn should be i.T_posedthat the zeI_ at z : /% must be looe.ted with'In

th_ _bnit clrcle_ In the event that the p_l_ut _coDtg_.n_ at least a _tn,.;le

bz_ s_pl._____the first derivative of the r.:,s_c,n_o..,_+_ .........v::rlable in _ich ca:_e

the fo_er restriction on the location of the zero nn longer aoplles

slrce c-_Ice!lati,._nis not involved; This statement can,be clarified by

referrln_ to the diagram of a _mdratic -_lant in F_'e 6 which co,_9_ai_m

a _i_le _le at 5 =o o The Dttl@e transfer ,_ncti:_n C/,_ for this

_y_t_m is of the fo_T_a

(z-. ,)(z- ×,)

If the output ra_.e is now eonsidered as an output_ the tran.-f_r f_:netion

w_ id becorm

C K_.

,,,,, )



identi_ the above equations with Figure 5_with _ z = z , it will be

seen that the compemsatir_ filter indicated in the diagram generates a

signal _nich is proportional to the sampled values of c .

Thus far, refe_nce has been made to the sNstem exclusively in terms

of the pulse transfer function. In order new to establish oertatn rela-

tionships between the physical problem and the mathematical model used

in the analysisp it is required that reference be made to the continuous-

system variables, representative components of which appear in Figure 6o

One point of _ndamental importance should not be overlooked° In

the original system configuration of Figure 1 it was tacitly ass_ned

that the nonlinearity _ms located as sho_m in Figure 6o This was required "

in order that the linear pulse transfer function could be defined for

the plant and data-bold combination. If the nonlinearity possesses

zero memoryj howeverj it is per_dssable to interchange the nonlinearity

and the data-hold; eonversely_a nonlinearity _ith memory is not inter-

c_ableo The im:_rt of this statement is that a contactor with

hysteresis cannot be treated by the methods presented in this paper° The

reader is referred to the literature for discueslen of _rsteresis effects

in sampled-data systems° l'A°

Attention is now directed to the _._annerin _nieh the initial condi-

tions, C(o_ and _-_o_, are related to the x, y plane. It will be sho_n

that the discrete variable X can be ganerated by sam_lir_ the signals

derived from c and 6 as indicated in Figure 6. The method of determin-

ing the proper values of K4 and K_ will be to equate X/_ as derived

from Figure 6 to an equivalent expression derived from Fi_ 3o
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Pk'or_F_ure 6 it fo!l!z_'sthat

e: h
%t J

+.411ereT eeuale, the s_mple perd.od_ d,:_e-'_ _ and /] d,.,_mes_...... th_ zero

of the pulse transfer function of the pl_ut-hold e_mhlnationo F_om

Fig_ 3 ' with d 2 = t .:l.t follows that

7 T ( i - _,,}

Z t(,") "_ "- , Z-,)

-M'ie_lt _,; j and m a_ &_ defined _bove.

eae_.%y sho_m tl'at

I<_ -_

!"q'_tin;;(6) and (7)_ it le

- )i

',. ' _P_"J \ (e)

i
J

These results are r:till w:_"_d if the n]._jttc )!_,_:_:'_ns a o..cond-uz{_e._,-_--_ ._-pole

at _=o in whleh case _---J _ When the p-Lent con_M.ns _ooles at -,a,,

and -a_, ioe_ no poles at s-. o , the result becomes

T
k'_. _

I-/6

I< = 1

{.,_ ,<.j(, .,, x ( _ _.<,,-_ \

i (9)



_ere _, - e _ = e , and _ andT have their former meaning.
J

These results permit initial conditions in _ and y to be derived from an

arbitrary set of conditions ¢ Eo_, _ lob . Thus from Figure 6

and from (5)with _o_ - _ c(o_

From (I0) and (11) if, follows that

---

x _,l = - C {¢,'t - _xr._h_.

(_o)

(tl)

(I2'

_o _L_

Ao Contactor

The system to be considered is shown in Fig° 5, the transformed con-

figuration being sho_n in Fig. 3. The nonlinearity to be used is described

in F_B;o 7o In this ex_ple the purpose is to illustrate an application of the

m_th_d and illustrate how variatione in I_ affect _he periodic state of the

system._ In the _peci_ic case to be treated it is assumed tha% _,: O,3C_)_a_._)

_= -5,72_ K, = I m_d th_ dead. zone is a su_C_ quantity° Fro_ Figure 3 th_

pe_tln_% difference equation _hen becomes

-- C,-_b _" " _ + ('- _,b's_' (,3)

This equation is seen to be in the form of (_)o According to (2), the iso-

clines are defined by the equation

: _ (, ./s} _ _ C.,-_,,')
,/

(_&)



The remaining equations of interest are given by (5)_ For the

uncompensate__d s_ (K_ _ ,), the lines of cor_tant _. and _ are equi_.

lento The switchir_ boundary" for this ca_e is plotted in Figure 8p

together with a solution path starting at x = - c (o_=- _.,; o It is

observed that a limit cycle is formed with approximately unit ampll.tude

of the error variables

Corridor now the effect of K_ in Figure .3o Fr_a (5) it is

perceived that an increase in W, [K_ _,_ _vi!l cause a co_Auterclockwise

rotation of the lines _- constant° (I!ote that the lines of _ =eonstant

are unaffectedo) The periodic state of the system will uow be investigated

for the condition sho_ in Figure 9 in which Kc has been adjusted so t.hat

the s_itchirA_ boundary passes below the solution point _l)o The solution

path cmn again be computed using (IN) and (i_)o The amplitude of the

res_Iting limit cycle_ measured in t er_s of the error varinble_ is seen

to be considerably reduced in _np3itudeo It is of interest to note that

the bias upon which the li_it cycle is superposed Is a function of the

initial condition_ ¢ co_ o Thus a cha_e .in ¢I_ wi]_ shift the position

of the limit cycle alor_ the x axis.. Since the isociines _iven by (].4)

are a function of y only, the limit cycle itself is 7_t dependent ,ipon x

(except in So far as the requirement for alternating values of vn iS

satisfied _ the slope of the mdtchi_ line)o

The _sulte which have been derived above are intended to suggest

the manner in which the periodic state of the oontactor system can be

altered by means of the compensating gain K_ o Althoug,h the discussion

has been limited to initial states in which _/o_ = o , t_hemethod may

be applied to an arbitrary set of initial conditionso

._IC,.
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In this example the way in which system bandwidth affects the

saturation problem is to be investigated° The system to be considered

is represented in Figure IDA, the transformed system being she_ in Figure

Figure IDB_ At this point it will be assu_ed that, the transrdssion of

the quantizer can be approximated by Q = ,o The approach to be taken

will be first to select K° and _, so as to obtain the desired roots of

the char_eteristic equation, assmaing_ linear operation_ and then to

analyze the effect of saturatien_ using, the transformed coordinates° For

convenience the bandwidth will be adjusted under the constraint that the

poles are critics]iF damped° Aceordir_7 t,_ cases will be treated for

which the characteristic eq,mtion is of the form ( z - _ _- 0 o The

correepondin8 linear he.mogeneous difference ec.uation is _iven

by _X + _&× + c _c = o

A specific solution will nc,¢be obtained by arbitrarily assi_nin_

the n_ical values r :, _ L=J to the system patterers in Fizmu-e i0o

If the roots of the characteristic equation at z =_ are specified to

represent a small a_,_ a large b_ndwidth, relative!_ speaklng_ the

resmining parameters can be determined, as surmarized in Table Io

Referring be (2) and substituting the appropriate values from Table I,

the. isoclinee for the unsaturated system are defined _ the ec_tior_



The equation of the isoclines for the saturated system is oo_m_n to

both cases being treated_ and is given by k = - ,/_ •

_equation for the boundaries of the linear ran_,e in the

from the system in Figure 10B to be given by

Finally, the

x, y plane is seen

By applying the above equations, solution paths have been plotted in

Figures ii and 12. for the two cases bein_ studied° In each case a solution

path is identified which intersects the eigenvector at the saturation

boundsA-yo _ comparison of these solutions indicates the de_ee to which

the respective system designs are susceptible to saturation effects°

Referring again to the s_stem in Figure lop the effect of quantization

will be ana_zed_ assuming that the quantized inverval _ is small compared

to the saturation level6 Using, the function for _ which is gl-aphi_lly

represented in Figure 13, the boundary lines in the x y plane are

defined by

where n is a positive or negative integer°

strip are in turn defined by

The isocllnes within a given



v

Using the values of _, a_d K_ given in Table I, typical solution paths

are plotted in Figures 13 and l&o

The results An Figure I_ warrant some discussion in that a limit cycle

is indicated in the x. _ plane° This limit cycle differs from that of

Figure 9, however, An the sense that it oscillates along a line of constant e ,

indicating that the __ values of e reach a steady value° Observation

of Figure 6 shows that, as a consequence of the fact that e (_ • - ¢ (k_. co_s_.

it is necessary for _ to vary in accordance with the periodicity of _ .

This state of affairs can exist only if an oscillation exists at one half the

sampling frequency in the form of intersample ripple. The point to be made

here is that an intersam_le ripple which would be undetectable in the e_ _e

plane is detectable in the x, _ plane In the form of a li_dt cycle along a

line of constant a .

C CL ;ONS

A set of coordinates in the incr_nental phase plane has been introduced

which permits the slope of a boundary specified by the nonlinearity to be

directly related to a slmple gain term in the transformed system° This gain

An turn is equivalent to a simple form of realizable compensation An terms

of the system variables. By using the new set of coordinates it is possible

to identify within each sectionally linear region a unique equation for the

isoclines° As a result ,the concept of boundaries can be exploited An •

des_n eonteXto

Although in the analysis the nonlinearity is assumed to precede the

v
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data-hold, it is permissahle %o include nonlinearities at the output of the

data-hold providing that they do not involve memory as in the case of

hysteresis°

Examples involving a contactor, saturation and quantizatlon have been

presented to illustrate the manner in which a design can be carried out in

the transforme_ coordina'.._es_

It is felt that possibilities exist for extending the method to the

problem of synthesizing switching boundaries for quasl-optimum control of

sampled-data systems°
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